Appendix: Proof of equations (6) and (7)
Let 
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 and 
[image: image2.wmf]Y

 be two independent random variables, with associated probability density functions (pdf’s) of 
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 be an algebraic function which is both differentiable and monotonic (hence, invertible) with respect to each of 
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.  The pdf of 
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, symbolized by 
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, is defined as:
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(A1)

Also, the cumulative probability of any given value of 
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 can be expressed as the limit of sums of probabilities in mutually-exclusive cases defined by an infinite series of non-overlapping, adjacent value ranges of independent variable 
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.  In the case 
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 where small values of 
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 are associated with small values of 
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,
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Combining (A1) and (A2),
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Combining the common limit operator and factor,
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If the term 
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 is moved so that 
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 only appears in the last term, the related limit can be taken locally: 
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Now, recall that 
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 is assumed monotonic in 
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; therefore, an infinitesimal step in 
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 at fixed 
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 implies an infinitesimal step in 
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.  This permits us to linearize the last term:



[image: image27.wmf](

)

(

)

1

1

1

1

0

2

()lim()()(:(,))

2

ii

ii

ii

HiiY

xx

xx

i

X

xxY

phPXxPXxpyHyh

H

+

+

+

+

¢¢

-®

¢¢

+

=

éù

æö

¢¢

+¶

êú

ç÷

¢¢¢¢¢¢

=<-<=

êú

ç÷

¶

èø

ëû

å


(A6)

We can now recognize the left-hand parts of this formula as equivalent to an integration of 
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 with respect to 
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The alternate case that 
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 is the same except that a negative sign appears due to the reversal of inequalities along the 
[image: image32.wmf]Y

 axis, and the consequent use of complements of cumulative probabilities.  Both cases can be combined into one formula by writing the absolute value of the partial derivative.  Thus, the pdf of function 
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 can be expressed as a weighted convolution:
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where all three terms inside the integral are uniformly non-negative.  This is equation (6) in the paper.  Equation (7) is obtained by simply switching the generic symbols 
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 and 
[image: image36.wmf]Y
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